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Abstract

In this paper, we study on semi-invariant submanifolds of normal complex contact metric man-
ifolds. We give the definition of such submanifolds and we obtain useful relations. Moreover,
we give the integrability conditions of distributions.
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1 Introduction

Contact geometry could be divided into two parts: real and complex. The geometry of real contact
manifolds have been studied from 1960s, and there are a great number of articles in literature.
Although the complex contact geometry is old as real contact geometry, there do not exist researches
as real case. On the other hand, results have been obtained in complex contact manifolds are
different from real contact manifolds. Also complex contact manifolds have several applications in
optimal control of entanglements [1]. The Riemannian geometry of complex contact manifolds has
a lot of open problems. One of them is the submanifold theory of complex contact manifolds. In
this paper, we aim enter to this notion comprehensively.

The definition of a complex contact manifold was given by Kobayashi [2] as follows: Let M be a
complex manifold of odd complex dimension 2m+1 covered by an open covering A = {U;} consisting
of coordinate neighborhoods. If there is a holomorphic 1-form w; on each U; € A in such a way
that for any U;,U; € A and for a holomorphic function f;; on U; NU; # @

wi A (dw;)™ # 0 in U;,

w; = fijwi, Ui NU; # 2,

then the set {(w;,U;) | U; € A} of local structures is called complex contact structure and with this
structure M is called a complex contact manifolds.

In this definition there is a natural question: Is the complex contact form globally defined? Kobayashi
proved that the complex contact form is globally defined if and only if first Chern class of the
manifold is zero. If complex contact form is globally defined then the manifold is called strict
complex contact manifold. In 1980s there was an important development on Riemannian geometry
of complex contact manifolds. Ishihara and Konishi [3] introduced complex almost contact metric
structure and gave normality. We recall this normality by IK-normality. They also proved that
under normality condition the base manifold is Ké&hler. In 2000 Korkmaz extended this definition.
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If the complex almost contact metric manifold is normal by Korkmaz’s sense it is called a normal
complez contact metric manifold, and in this study we use this notion. Also Korkmaz [4, 5, 6] gave
curvature properties, GH—sectional curvature, complex contact space form, complex (k, 1) spaces
and nullity conditions.

In recent years, there are some works on normal complex contact metric manifolds which are related
to Korkmaz’s normality. Blair and one of the present authors studied energy and corrected energy
of vertical distribution for normal complex contact metric manifolds in [8, 7]. Fetcu studied an
adapted connection on a strict complex contact manifolds and harmonic maps between complex
Sasakian manifolds in [9, 10]. Blair and Molina [11] studied conformal and Bochner curvature
tensor of normal complex contact metric manifolds. In 2012, Blair and Mihai studied on complex
(k, u)—space and they studied on locally symmetric condition of normal complex contact metric
manifolds [12, 13]. Present authors [14] gave new results on curvature properties and normality
conditions. Quasi-conformal, concircular and conharmonic flatness of normal complex contact met-
ric manifolds are studied by presents authors [15] and they proved there are no normal complex
contact metric manifolds under these tensors flatness.

The submanifold theory of complex contact manifolds has not studied yet, effectively. This is an
area of awaiting attention, with many open problems. Turgut Vanh studied on this subject [16, 17].
With above reasons our aim, is to give an introduction for the special submanifolds of complex
contact manifolds. We take into consider the normality notion is given by Korkmaz [5]. By this
way, our paper is organized as follow. The first section is on fundamental facts on complex contact
manifolds. In the second section we give the definition for a semi-invariant submanifold of a nor-
mal complex contact metric manifold and obtain some relations. Finally, we give the integrability
conditions of distributions in the last section .

2 Preliminaries

In this section we give a survey for complex contact manifolds. For further information we refer to
reader [18] and [5].
Let (M,w;) be a complex contact manifold. For every p € M we have a subspace of T, M by
kernel of w;:
Hi ={K, :wi(K,)=0,K, € T,M}.

Then on U;NU; # 0 we have H; = H; and so H = UH;. H is well-defined, 2m—complex dimensional
non-integrable subbundle on M and it is called the contact subbundle or the horizontal subbundle.
Let (M, w;) be a complex contact manifold. For every p € M we have a subspace of T, M by kernel
of w;:

Hi ={K, :wi(K,)=0,K, € T,M}.

Then on U;NU; # 0 we have H; = H; and so H = UH;. H is well-defined, 2m—complex dimensional
non-integrable subbundle on M and it is called the horizontal subbundle.

Ishihara and Konishi [3] proved that M admits always an almost contact structure of C'°.
They also give the Hermitian metric. An odd complex 2m + 1—dimensional complex manifold with
Hermitian metric and almost contact structure is called complex almost contact metric manifold.

Let M be a odd complex 2m 4 1—dimensional complex manifold with complex structure J,
Hermitian metric g, and A = {U;} be an open covering of M with coordinate neighborhoods {U;}.
If M satisfies the following two conditions then it is called a complex almost contact metric manifold:
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1. In each U; there exist 1-forms u; and v; = u; o J, with dual vector fields U; and V; = —JU;
and (1,1) tensor fields G; and H; = G;J such that

H=Gl=-1+u;0U +v;®V, (2.1)

G;J=-JG;, GU; =0,

2. On U; NU; # @ we have

u; = Cu; — d’Ui, v = duz + Cv;,
Gj = CGi - d]{i7 Hj = dGl + CHi

where ¢ and d are functions on U; NU; with ¢ +d* =1 [3].

By direct computation we have

HG; = -GiHi=Ji+u;®@V;—v;QU;
JiH, = —HJ =G
GU;, = GVi=HU =HV,=0
uG; = vGy =wH; =v;H; =0
JiVi = Ui, g(U;,V;) =0
gH:X,)Y) = —g(X,HY).

Since u; and v; are dual to the vector fields U; and V; , on U; NU; we have U; = aU; — bV; and
V; = bU; +aV;. Also since a?+b% =1, U; N\V; =U; AV;. Thus U and V' determine a global vertical
distribution V by &; = U; A V; which is typically assumed to be integrable. Moreover V is complex
line bundle TM/H. Then we have TM = H & V.
From now on we will not use subscript for shortness, if U; is understood.

In addition, we have

du(K,L) = g(K,GL) + (¢ Av)(K, L),
dv(K,L)=g(K,HL) — (0 Au)(K, L)

where 0(K) = g(VkU, V), and V being the Levi-Civita connection of g [3].
Ishihara and Konishi [3] defined following tensors ;

S(K,L) = [G,G|(K,L)+2g9(K,GL)U —2g(K,HL)V
+2(v(L)HK —v(K)HL) + o(GL)HK
“o(GK)HL + o(K)GHL — o(L)GHK,

T(K,L) = [H H)(K,L)—2g(K,GL)U + 2g(K, HL)V
+2(u(L)GK —u(K)GL) + o(HK)GL
—0(HL)GK + o(K)GHL — o(L)GHK
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where
[G,GI(K,L) = (VexG)L — (Var.G)K — G(VkG)L + G(VL.G)K

is the Nijenhuis torsion of G. Then they called an associated metric g normal if S =7 = 0. It
is called IK-normality. In generally we consider whether or not the complex analogue of the real
normal contact examples are IK-normal. The canonical example, complex Heisenberg group is not
IK-normal [18]. Because it is not Kahler. In 2000 Korkmaz [5] gave a weaker definition. In this
sense, M is normal if the following two conditions are satisfied [5] :

1. S(K,L) =T(K,L) =0 for all K, L in X,
2. S(K,U)=T(K,V) =0 for all K.

A normal complex contact metric manifold is semi-Kéhler and the complex Heisenberg group is
normal. In this paper, we use this notion of normality.
Korkmaz [5] obtained following equalities:

ViU = —-GK + o(K)V, (2.2)
ViV = —HK — o(K)U, (2.3)
VU =o(U)V, VyV =—cU)U (2.4)
VU =a(V)V, VyV=—c(V)U,

do(GK,GL) = do(HK, HL) (2.5)

=do(L,K)—2uAv(L,K)do(U,V).
Theorem 2.1. [5] M is normal if and only if

g(VkG)L,Z) = o(K)g(HL,Z)+ v(K)do(GZ,GL) (2.6)
—20(K)g(HGL,Z) —uw(L)g(K, Z)
—v(L)g(JK,Z) +u(Z)g(K, L)
+v(Z)g(JK, L),

g(VkH)L,Z) = —0(K)g(GL,Z)—w(K)do(HZ,HL) (2.7)
—2u(K)g(HGL,Z) + u(L)g(JK, Z)
—v(L)g(K, Z) —u(Z)g(JK, L)
+v(Z)g(K, L).

Also from above proposition we have

(Vi )L, Z) = u(K)(do(Z,GL) — 2g(HL, Z)) (2.8)
+o(K)(do(Z, HL) + 29(GL, Z)).

Ishihara and Konishi [3] proved a normality condition by the term of he covariant derivatives of G
and H. In [14] we obtain following theorem for a normal complex contact metric manifold .
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Theorem 2.2. M is normal if and only if the covariant derivative of G and H have the following
forms:
(VkG)L = o(K)HL —2v(K)JL—u(L)K (2.9)
—v(L)JK +v(K) (2JLy — (VuyJ) GLo)
+9(K,L)U + g(JK,L)V
—do (U, V)v(K) (u(L)V —v(L)U),
(VkH)L = —o(K)GL+ 2u(K)JL+u(L)JK (2.10)
—v(L)X 4+ u(K) (—=2JLo — (VyJ) GLy)
—g(JK,L)U + g(K,L)V
+do (U, V)u(K) (u(L)V —v(L)U)

where K = Ko+ u(K)U + v(K)V and L = Lo + u(L)U + v(L)V, Ky, Ly € H.

From this theorem we have

(V)L = —2u(K) HL + 20(K)GL + u(K) (2HLo + (Vi J) Lo)
+0(K) (=2GLo + (Vi J) JLo) .

3 Fundamental facts on submanifolds of normal complex contact
metric manifolds

Let (M*™+2 G . H,J,U,V,4,7,3) be a normal complex contact metric manifold, M be a (n 4+
2)—real dimensional complex submanifold of M and U,V be tangent to M, where n must be even.
The Gauss formula is given by

VKL:VKLJrh(K,L). (3.1)

h is called the second fundamental form, and it is defined by:

h(K,L) = i(hQ(K, L)N, + k*(K, L)JN,).

a=1
where r = ‘””T_”. We have the Wiengarten formulas which are given by
VkN = —AyK +ViN (3.2)
ViJN = —A;nK + Vi JN (3.3)

where Ay and Ajy are fundamental forms related to N and JN. Also for s*(K),t*(K) and
5(K),t*(K) coefficients

VN = Z (s*(K)Ny + t*(K)JN,) and Vi JN = Z (3*(K)Ny + t*(K)JNy)

a=1

V,V and V+ are the Riemannian, induced connection and induced normal connections on M, M
and the normal bundle TM~* of M, respectively. By easy computation we get following result.
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Corollary 3.1. For any K,L € I'(TM) and N € T(TM*) we have g(h(K,L),N) = g(AnK, L).

trace h
dim M *

The mean curvature p of M is defined by u = M is a totally umbilical submanifold if

h(K,L) = g(K,L)n (3.4)

forall K,L e T(TM) .

Since U,V € T(TM) we can write TM = sp{U, V}@sp{U, V}+ where sp{U, V'} is the distribution
spanned by U,V and sp{U, V}* is the complementary orthogonal distribution of sp{U,V} in M.
Then for any vector field K is tangent to M we have GK € sp{U,V}+ and HK € sp{U,V}+.
Let define following projections;

P:T(TM)—->T(TM) , Q:T(TM)— F(TM)L.
Then we can write -
GK = PK + QK (3.5)

where PK and QK are the tangential and normal part of GK, respectively. Since H = G.J we
have - - -
HK =PJK + QJK. (3.6)

Defined in this way P is an isomorphism on I'(TM) and @ is a normal valued 1-form on I'(TM).
Therefore one can define two distributions for p € M as follows

Dp = ker{Q‘sp{U,V}i} = {KP € Sp{U,V}J_ : Q(Kp) = 0}
le = ker{P\‘gp{U,V}L} ={K, € SP{Ua ‘7}L : P(K,) = 0}.

The following result is directly obtained from the definition of D, and Dj.

Proposition 3.2. D, ve DIJ; are orthogonal subspaces of T}, M.

On the other hand for any vector field N normal to M we put
GN = BN +CN (3.7)
and B - -
HN =BJN + CJN. (3.8)
where BN, BJN are tangential parts and CN, C.JJN are normal parts of GN, HN, respectively.
Therefore we have projections

B:T(TM*) = T(TM) and C : T(TM*) — T(TM™).

4 Semi-invariant submanifolds of normal complex contact metric
manifolds

CR-submanifolds are important classes of complex submanifold theory. Similar to the definition of

CR-submanifold, a semi-invariant submanifold of a Sasakian manifold was defined by Bejancu and

Papaghuic [19]. We give an analogue definition for complex contact case.
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Let (M*™+2 G,H,J,U,V,u,0,7) be a normal complex contact metric manifold, and M be a
complex submanifold of M. If the dimensions of D, and D;- are constant along to M and

D:p—>D, , D :p—=Dy

are differentiable then M is called a semi-invariant submanifold of M. Bejancu and Papaghuic
proved two results (Proposition 1.1 and Proposition 1.2 in [19]) about invariance of these distribu-
tions. Similarly we obtain following propositions for complex contact case.

Proposition 4.1. The distribution D is the maximal invariant distribution in sp{U, V}*; that is,
we have

1. GD, = AD, =D,
2. If D}, C sp{U,V}+ and GD, = HD, = D, then we have D) C D, .

Proposition 4.2. The distribution ’DIJ; is the maximal anti-invariant distribution in sp{U, V}+;
that is, we have

ATy L i L 1
1. GDL CTHM , BDE C T M
2. If Dy C sp{U,V}+ and G’D;,’ C TPJ-M , H’DZ’D/ C T;-M then we have D, C DZJ; for any p € M.

In real Sasakian geometry, Bejancu and Papaghuic [20] gave an equivalent definition by using
invariance of Dy, D;. Similarly by considering the Proposition 4.1 and Proposition 4.2 we get an
equivalent definition.

Definition 4.3. Let (M‘lm*z,G,H,UJ V,ﬂ,ff;,ﬁg)ﬁ be a normal complex contact metric manifold,
M"*2 be a complex submanifold of M and U,V be tangent to M. If following conditions are
satisfied then M is called a semi-invariant submanifold.

1. TM =D ® D+ @ sp{U,V}.
2. The distribution D is invariant by G and H; that is, GD =D and HD =D .
3. The distribution D is anti-invariant by G' and H; that is, GD+ ¢ TM~+ and HD+ c TM*.

Since GHK = JK, for any vector field K in T'(D) or I'(D+) above conditions are also satisfied
for J.

Let M be a semi-invariant submanifold of a normal complex contact metric manifold M. If
dimD = 0 then M is called an anti-invariant submanifold of M, and if dimD+ = 0 then M is called
an invariant submanifold of M. If GD+ = HD+ = T M=, then M is called generic submanifold of
M [21].

For a semi-invariant submanifold M of a normal complex contact metric manifold M, the
projection morphisms of TM to D and D+ are denoted by ¢ and 1, respectively . Then for all
K € T'(TM) we can write - -

K =K +yK +u(K)U +o(K)V (4.1)

where pK and 9K are tangential and normal parts of K, respectively. Also we have

JK = oJK + ¢ JK 4+ 5(K)U — a(K)V. (4.2)
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Similarly for N, JN € TM+ we have
N=tN+ fN and JN =tJN + fJN

where tN,tJN is tangential part, and fN, fJN is the normal part of N, JN. On the other hand
from (3.7) and (3.8) we have BN € I'(D+), BJN € I'(D+), CN € T(TM*) and CJN € T'(TM™).
Thus we obtain an f—structure on the normal bundle by following same steps with the proof of
Proposition 1.3 in [20].

From now on we will denote a semi-invariant submanifold of a normal complex contact metric
manifold by M.

Proposition 4.4. On the normal bundle of M there exist an f—structure C'.
For M we have following decomposition of normal space TM=:
TM* = GD*+ ® HD* © JD* @ .
We can take an orthonormal frame
{e1,e2,...,em,Gey,Gea, ...,Gep, Hey, Hey, ..., He,,, Je1, Jeg, ..., Jeyn,, U, V}

of M such that {ey,es,...,e,} are tangent to M. Therefore the set {e1, e, ..., en,ens1 = U, epnio =
V} is an orthonormal frame of M. We can consider {ei,es,...,e,} such that {e1,ez,...,e,} is
an orthonormal frame of D+, {€p+1, €pt2,...,en} is an orthonormal frame of D . Moreover we
can take {€,43, ..., €4m_n} as an orthonormal frame of TM~ such that {e,13, ..., ent213p} is an
orthonormal frame of GD+ @ HD+ @ JD+ and {€n+3+3p, €ntatap, - Camt2} is an orthonormal
frame of . From the definition of semi-invariant manifold we can take e, 3 = Gei, €,44 =

Ges ..., entoyp = Gep, enisyp = Her, enjayp = Heg ..., €njoyoy = Hep, enisyop =
Jei, enyayop = Jea ..., enyaysp = Je,. Therefore we have following orthonormal basis:
D = Sp{eﬂ,eﬁ’...7en737é€p+17éep75,...,Genf?»’ﬁepil,
4 4 4 4 4 4 4
HBM,...,Hane,,Jeerl, 6p+2’...’<]6n73}
4 4 4 4 4
1
D = 'Sp{€13627"'76p}
and
GD* @ HD' @ JD*+ = sp{Ge1,Ges, ...,Ge,, He1, Hes, ..., He,,
J€1,J€2,...7J6p}
9 = sp{ep+1,ep+2,...,e4m_£+3p,Gep+1,

G€p+2, ceey Ge 4m7:+3p 5 H6p+1, H€p+2,
ceey H64m7£+3p 5 J6p+17 J6p+27 ceey J64m72+3p }
For M we compute covariant derivatives of G, H,.J by given tangential and normal components.

From (2.6), (2.7,) (2.8), (3.1), (3.2), (3.3), (3.5), (3.6), (3.7) and (3.8) and by easy computation we
have following lemmas.
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Lemma 4.5. For any K, L € I'(TM) we have

¢V PL — pAgrK = PV L —a(L)pK + 6(K)PJL
—20(K)pJL — 5(L)pJ K + 20(K)pJ Ly
— o(K)(¢VgJPLy — JoVPLg
— Ao, U+ JoAqrL,U),

YV PL— oK = Ba(K,L) + 5(K)QJL

— 20(K)YJL — (L)Y K — 5(L)YJK
+ 9(K)pJ Lo — 0(K) (Vg JPLy — JYV 5 PLg
— A1, U + JpAqr,U — BJCh(U, PLy)),

u(VkPL - AqLK) = g(¢K,pL) + (K, L)
+ (do(U,V) — 2)o(K)v(L) — v(K)(u(VgJPLg
— Ajor,U) +9(AqL,U — Vg PLy)),

O(VkPL — AqrK) = g(pJK, oL) + g JK, L)
— (do(U,V) —2)v(K)u(L) — v(K)(v(VgJPLg
- AJQLOU) + ’IZ(VUPL() + AQLDU),
h(K,PL) — Ch(K,L) + QVkL = V&xQL — 5(K)(h(U, JPLy)
—QJBh(U,PLy) — CJCh(U, PLy)
+VEIQLy — JVEer).
Lemma 4.6. For arbitrary vector fields K and L on M we have

©VrPJIL — pAgi K = PJIVKL — 6(K)PL + 2u(K)pJL
+a(L)pJK — 5(L)pK — 2u(K)pJ Lo
—a(K)(pVgJPLy — JpV5PLg
—0AjqL,U + JpAqr,U),

YVgPJL —pAq;, K = BJh(K,L) — o(K)QL + 2u(K)yJL
+@(L)yYJK — 5(L)WK — 2a(K)yJ Lo
—a(K)(VgJPLy — JWNV 5 PLg
—YAzor,U + JAqrL,U — BJCh(U, PLy)),

117

(4.5)
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w(VgPJL—Agi K) = —g(pJK,pL) — g( JK, ¢ L)
— (do (U, V) = 2)o(K)o(L) + u(K)(—u(Vg JPLg
—Ajor,U) +0(VgPLo 4+ AqL,U),
(Vg PJL — Ag5.K) = g(oK, oL) + g(Y K, ¢ L)
+ (do(U,V) = 2)ua(K)u(L) — a(K)(a(VgPLg
+ AQLOU) +0(VgJPLy — AJQLOU)
+0(VgPLo) + u(Asor,U) + 9(AsqL,U)),
h(K,PJL) — CJh(K,L) = —QJVkL — V&QJL
—a(K)(h(U, JPLy) — QJBh(U, PL)
— CJCh(U, PLy) + VEIQLy — JV52™).
Lemma 4.7. For any K, L € I'(T'M) we have
©VgBN — pAcnK — PANK = 9(K)(pA7gnU + ¢ JV5BN
—pAjonU — pJAcnU),

YV BN —pAcyK — BVEN = 6(K)BJIN + o(K) (Y Aj55U
+9JVyBN + BJCh(U,BN) + Y AjonU

— 2 JAcnU + BJCVECN),

W(VgBN) —u(AcyK) = 0(K)[u(AjgnU) + 0(VyBN)
+u(AcynU) +9(AcnU)),

9(VgBN) — 9(AcnK) = 0(K)[9(Ajpn0U) — a(VyBN)
+9(A5enU) + a(AcnU)),

h(K,BN) + VECN — QANK = CV%N + 6(K)CJN — o(K)[VEBJIN
— QJBh(U,BN) +VEJCN
- QJCVECON — CJCVECN].
Lemma 4.8. For any K, L € T'(T'M) we have
+ QDJVUBN — SDA]CNU + QDJACNU),
YV BJIN —pAcjnK — BIVEN = 6(K)BN + a(K)(—AjpnU

—JVgBN — BJCh(U,BN) — ¥ Azo5U
+9JAcnU — BJCVHCN),

(4.10)

(4.11)

(4.12)
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(Vi BJIN) - a(AcsnK) = —a(K)[a(A;pn0)
+9(VyuBN) + a(AcjnU) + 9(AcnU))],
9(VgBJN) = 9(AcjnK) = —a(K)[0(AjpnT)
— @(VuBN) + 0(AjenU) — w(AenU)],
h(K,BJN) + V%CJN — QANK = CIVEN +&(K)ON + a(K)[VFBJIN
—QJBh(U,BN) — CJCh(U,BN)
+VEJCN — QJCVECN — CJCVECN].

As we know the covariant derivatives of structure vector fields are important. In the following
lemma we give the covariant derivatives of U and V with V on M.

Lemma 4.9. For any K, L € I'(TM) we have

VkU = —-PK+&(K)V, h(K,U)=-QK
ViV = —-PJK-&(K)U, h(K,V)=-QJK.

Proof. From (2.2) and (3.1) we get
~GK +6(K)V =VgU +h(K,U),

and by consider tangent and normal components we obtain (4.13). Similarly from (2.3) and (3.1)
we get (4.13). Q.E.D.

Also from these lemmas, we get following corollaries.

Corollary 4.10. For M we have

h(K,U) = h(K,V)=0

VkU = —-PK+&(K)V, VgV =-PJK +&(K)U
for all K € T'(D), and

h(K,U) = —QK, h(K,V)=-QJK

VU = 5’(K)V, VKV:*(?(K)U
for all K € (D).

Corollary 4.11. For M we have

WU, 0) h(V,V) = h(U,V) =0
Vol = o)V, Vgl =a(V)V
VoV = —6(0)U, VoV =—a(V)0
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5 Integrability of distributions

In the submanifold theory integrability of distributions is an important notion. In this work we
have two distributions, D and D+. In this section we give some result about integrability of
D, D+, D® D, D@ sp{U,V} and D+ @ sp{U,V}. Although the horizontal distribution # is
never involute, as we shall see some of above distributions are involute on M.

Lemma 5.1. For M we have

g(AG‘KLv Z) :g(A(?LKv Z) (5‘1)
g(AHKLaZ) :g(AHLKa Z) :
9(AsxL,2) = g(A;LK, Z) (5.3)

for all K,L € T(D) , Z is tangent to M and Z ¢ sp{U,V}.
Proof. Let K,L € T'(D) and Z € T(TM). Since GK = QK € I'(TM*), we have

ViGK = —Ag L+ ViGK (5.4)
and
Vi.Z=V1Z+h(L,Z).
Thus we get
3(VrZ,GK) =g(h(L, Z),GK)

and since GK € T(TM*1) then (V1 Z,GK) + g(Z,VGK) = 0 and therefore from (5.4) we get
9(Agk L, Z) = g(h(L, Z),GK).
In addition since h is symmetric and from (5.4) we have
9(AekL, Z) = —g(GVzL,K)
= 9((VzG)L,K) - §(VzGL, K).
From (2.6) and (2.5) we have
9((VzG)L,K) = g(do(L, K)V, Z)
and so we get
§(Agx L. Z) = g(do(L,K)V,Z)-g§(VzGL,K).

On the other hand since g(GL, K) = 0 and from (3.1) we have

§(AaiL,Z) = g(do(L, K)V,Z) + g(VzK,GL)
=g(do(L,K)V,Z)+ §(VzK +h(Z, K),GL)
=g(do(L,K)V,Z)+gh(Z,K),GL)
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and thus, from (5.5) we get
9(Aax L, Z) = 9(do(L, K)V, Z) + g(AcL K, Z).
If Z ¢ sp{U,V} we get (5.1). By following same steps one can show (5.2), (5.3). Q.E.D.
Lemma 5.2. For all K, L € T'(D1) we have [K, L] € I'(D @ D1).
Proof. Let K,L € T'(D*). Then we have
§(K,1,0) = g(VkL-V.K,D)
= —g(VkU,L)+g(V.oU K).

Therefore from (2.2) we have g([K, L],U) = 0. Also g([K, L], V) = 0 can be showed by similar way.
So we obtain [K, L] € T'(D @ D).

Q.E.D.

Theorem 5.3. The anti-invariant distribution is involutive.

Proof. Let K, L € T'(D1). From (2.9) we have
(VkG)L =6(K)HL + g(K, L)U.

On the other hand GL € I'(D) and from (3.1) and (3.2) we have

~Aa K + V%L - GVgL —Gh(K,L) =6(K)HL + g(K, L)U. (5.5)
Substituting L by K in (5.5) and thus subtracting the obtained relations we get
~GIK, L] = Ag K — AL —V%(GL - ViGK +6(K)HL — 6(L)HK.

Now we take an arbitrary normal section N € I'(¢) and, by using (2.6) and (3.2) we have

G(VEGK,N) = —g(AgyL, K). (5.6)

Substituting L by K in (5.6) and, subtracting the obtained relations , since Agpy is symmetric we
have

§(VxGL —ViGK,N) = 0.

Hence VXGL — V+GK € GD*+ @ HD+ @ JD*. On the other hand for Z € T'(D) from (5.6) we
have

9(-G[K,L},GZ) =0
and therefore we get
(K, L],G*Z) = 4([K, L], Z) = 0.

So we obtain [K, L] € I'(D). Q.E.D.



122 Aysel Turgut Vanli, inan Unal

Theorem 5.4. D1 @ sp{U, V} distribution is involute.
Proof. Let K € T'(D+) and L € I'(D). Then from (2.2) we have
9([K,U],L) = —=g(Vy K, L).

Now let take Z € T'(D) such that L = GZ and by using (2.9) we have

(VoH)Z = o(0)HZ
and from (3.1) we get

Therefore [K,U] € D+ & sp{U,V}. Following by same steps one can show the [K,U] € D+ &
sp{U,V}. Consequently by consider (5.3) the theorem is proved. Q.E.D.

Definition 5.5. If M is neither an invariant submanifold (i.e dimD® = 0 ) nor an anti-invariant
submanifold (i.e dimD =0 ), then it is called a proper semi-invariant submanifold.

Theorem 5.6. The invariant distribution is never involute.
Proof. For K,L € I'(D) from (2.2) we get
9([K, L],U) = 23(GK, L)

and from (2.3) we have B B
9([K, L], U) = 25(GK, L).

Let choose L = HK for all L € T'(D) such that HK is a unit vector field. Thus the second
fundamental form can not vanish. So D is not involute. Q.E.D.

From this theorem we have :

Corollary 5.7. Let M be a proper semi-invariant submanifold. Then the distribution D @ D+ is
never involute.

We need two following lemmas to get necessary and sufficient conditions for the integrability of
Do sp{U,V}.

Lemma 5.8. Let M be a semi-invariant submanifold. Then, we have

gh(K,L),HZ) = g(VgZ HL)
d(K,L),JZ) = g(VkZ,JL)

for all vector fields K € I'(T'M), L € I'(D) and Z € I'(D).
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Proof. Let N = GZ then from (5.5) we have
g(h(K,L),GZ) = g(Ag;K,L) = —g((VkG)Z + GV Z,L).
On the other hand from (2.6) we get
d(h(K,L),GZ) =g(VkZ,GL).

By following same steps, the equations: g(h(K, L),HZ)=g(VkZ,HL) and
gh(K,L),JZ)=g(VkZ,JL) can be obtained. Q.E.D.

Lemma 5.9. For M we have [K,U] and [K,V] € T(D & sp{U, V'}).
Proof. By using (3.1) and (4.13) we have

for each L € T'(D*) and K € I'(D). Now we take Z € ['(D) such that K = GZ and from (5.5) we
get _ _
9(VgL, K) = gh(U, 2),GL) = 0.

Thus g([K, U], L) = 0 and by following same steps we get g([K, V], L) = 0, it follows the assertion
of the lemma. Q.E.D.

Theorem 5.10. The distribution D @ sp{U, V'} is involutive if and only if we have
h(K,GL) = h(GK, L). (5.7)
Proof. From (4.7) we obtain
h(K,PL) - Ch(K,L)+QVkKL=0 (5.8)

for all K,L € I'(D). Since h is symmetric substituting L by K in (5.8) we get h(K, PL) —
h(L,PK) = Q[K, L]. In this way [K,L] € D & sp{U,V'} if and only if (5.7) is satisfied. Taking
into account (5.9), the proof is completed. Q.E.D.

Finally we obtain a result for total umbilical semi-invariant submanifold.
Theorem 5.11. If M is a total umbilical submanifold then M is an invariant submanifold.

Proof. Let M be a total umbilical semi-invariant submanifold. Then for ¥Z € T'(D)* from (3.4)
we have

h(Z,U) = g(Z,0)u = 0.

On the other hand from (4.13) we have h(Z,U) — QZ = GZ. Thus GZ = 0 and D+ = 0. So M is
an invariant submanifold. Q.E.D.

From above theorem we obtain following corollary.

Corollary 5.12. There does not exist total umbilical proper semi-invariant submanifold of a nor-
mal complex contact metric manifold.



124 Aysel Turgut Vanli, Inan Unal
References

[1] A. L. Kholodenko, Applications of contact geometry and topology in physics, World Scientific
1st. Edition, (2013).

[2] S. Kobayashi , Remarks on complex contact manifolds, Proc. Amer. Math. Soc., 10, (1959),
164-167.

[3] S. Ishihara and M. Konishi, Complex almost contact manifolds, Kodai Math. J., 3 , (1980),
385-396.

[4] B. Korkmaz, A curvature property of complex contact metric structures, Kyungpook mathe-
matical journal, 38(2), (1998), 473-473.

[5] B. Korkmaz, Normality of complex contact manifolds, Rocky Mountain J. Math., 30, (2000),
1343-1380.

[6] B. Korkmaz, A nullity condition for complex contact metric manifolds, Journal of Geometry,
77(1-2) 108-128 (2003).

[7] D. E. Blair and A. Turgut Vanli, Corrected Energy of Distributions for 3-Sasakian and Normal
Complex Contact Manifolds, Osaka J. Math 43, (2006) 193-200.

[8] A. Turgut Vanli and D. E. Blair, The Boothby-Wang Fibration of the Iwasawa Manifold as a
Critical Point of the Energy, Monatsh. Math., 147, (2006), 75-84.

[9] D. Fetcu, An adapted connection on a strict complex contact manifold, Proceedings of the 5th
Conference of Balkan Society of Geometers, BSG Proc., 13, Geom. Balkan Press, Bucharest,
(2006), 54-61.

. Fetcu, Harmonic maps between complex Sasakian manifolds, Rend. Semin. Mat. Univ.

10] D. F H i b lex Sasaki ifolds, Rend. Semin. Mat. Uni
Politec. Torino 64(3), (2006), 319-329.

[11] D. E. Blair and V. M. Molina , Bochner and conformal flatness on normal complex contact
metric manifolds, Ann Glob Anal Geom , 39 , (2011) 249-258.

[12] D. E. Blair and A. Mihai, Symmetry in complex Contact Geometry, Rocky Mountain J. Math.,
42(2), (2012), 451-465.

[13] D. E. Blair and A. Mihai, Homogeneity and local symmetry of complex (k, )-spaces, Israel J.
Math. , 187, (2012) 451-464.

[14] A.Turgut Vanli and I. Unal, Ricci semi-symmetric normal complex contact metric manifolds,
Italian Journal of Pure and Applied Mathematics, 43, (2020), 471-476.

[15] A. Turgut Vanli and 1. Unal, Conformal, concircular, quasi-conformal and conharmonic flat-
ness on normal complex contact metric manifolds, International Journal of Geometric Methods
in Modern Physics, 14(5), (2017), 1750067.

[16] A. Turgut Vanli, A Remark on” On-J anti-invariant submanifolds of almost complex contact

metric manifolds, New Trends in Mathematical Sciences, 7(1), (2019), 32-34.



Submanifolds of complex contact manifolds 125

[17] A. Turgut Vanli, Comments on On Semi-Invariant Submanifolds of Almost Complex Contact
Metric Manifolds (Facta Universitatis, Series: Mathematics and Informatics v. 31, no. 4,
851-862, 2016), arXiv:preprint/ arXiv:2007.03430 (2020).

[18] D. E. Blair, Riemannian Geometry of Contact and Symplectic Manifolds, Birkhduser Boston,
2nd edn., (2010).

[19] A. Bejancu, and N. Papaghuic, Almost semi-invariant submanifolds of a Sasakian manifold,
Bulletin mathmatique de la Socit des Sciences Mathmatiques de la Rpublique Socialiste de
Roumanie 28(1), (1984), 13-30.

[20] A. Bejancu, and N. Papaghuic, Semi-invariant submanifolds of a Sasakian manifold, Scientific
Annals of the Alexandru Ioan Cuza University of Tasi, 27, (1981), 163-170 .

[21] K. Yano, and M. Kon, CR submanifolds of Kaehlerian and Sasakian manifolds,Springer Science
Business Media 30, (1982).



